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Proof of a general inequality connecting point sets with lattices in a space of 
Laurent series. 
In 1948 Chabauty [ 1 ] and Rogers [ 21 simultaneously and independently 
proved the inequality 
d(S) fi m,(S, A) < 2(“-1)‘2 d(A) 
k=l 
for the successive minima m,(S, ,4) of an arbitrary point set S relative to any 
lattice II in real n-dimensional space R". Both Chabauty [ 1] and Mahler [3] 
proved independently that the constant factor 2’“- l)‘* is best possible. 
We shall now establish the analogous inequality 
@) f, m,(& A> < 2” d(A) 
k=l 
for point sets S and lattices n in the n-dimensional space F" with coor- 
dinates in a field F of formal Laurent series in one indeterminate. It will, 
however, be assumed that 
0 <d(S) < al and o<m,(&n)< 00 (k = 1, 2 )...) n), 
The proof is similar to that by Rogers in the real case, but since the distance 
in F" arises from a discrete non-archimedean valuation, certain changes are 
necessary. The quantities d(S), m,(S,ll), and d(/i) will be defined in the 
text. Again the constant factor 2” will be shown to be best possible. 
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Let f be any field, z an indeterminate, f[z] the ring of polynomials and 
j(z) the field of rational functions in z with coefficients inf: 
A special non-archimedean valuation JX on the field f(z) is given by ’ 
lO/=O; 1x1= 2fi-” for x # 0. 
Here N and D are the degrees of the numerator and of the denominator of 
the rational function x, respectively. This valuation is discrete, and any 
collection of its values greater than a positive constant contains a smallest 
element. 
Let F be the completion of the fieldf(z) relative to the valuation /xl. The 
elements x of F can be written as formal Laurent series 
,y= r 
j=i, 
ajzj 
with coeffkients aj in f: Here r may be any integer < 0, =O, or > 0. When 
x = 0, all coefftcients aj are zero; while for x # 0 the integer r will be chosen 
such that a, # 0. The continuation of the valuation 1x1 fromf(z) to F is now 
defined by 
lOI=0; 1x1 = 2’ if x # 0. 
We define the integral part [xl and the fractional part (x) of any element 
x of F by 
[x] = 2 alzi 
j=O 
and (x) = 2 ajJ. 
iz -nr 
With this notation for every x in F, 
x = [xl + (x), 1x1 E”f[zl, I(x>l G t. 
2 
Denote by n a fixed positive integer and by F” the n-dimensional space of 
all points or vectors 
x = (x, ,***, XJ, Y = (Y, 3.**3 Y,X 0 = (O,..., O), 
’ In Mahler (3 1, I defined the valuation 1x1 instead by /x1= e’ ‘). 
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etc., with coordinates (components) in F. The point 0 is the origin of F” and 
plays a specialised role in the theory. 
As usual the sum x + y and the difference x - y of two points x and y in 
F” are defined by 
x + y = (x1 + y, 1***, x, + y,) and x - y = (x, - Y, ,..-, x, - Y,). 
If further t is any element of F, then fx denotes the point 
fx = @Xl ,...) lx,). 
A norm j XI for the points x in F” is defined by 
1x1 = max(lx, I,..., IxJ). 
It has the properties 
Ix f YI <max(lxl, lul>, l&l = lflI4. 
The expression 
P(%Y)=lx-Yl 
represents a distance in F” and changes this space into a metric space, with 
all the usual topological implications. 
3 
The points x(l),..., x(“” in F” are said to be linearly dependent (viz., over 
F) if there exists elements t,,...., t, of F not all zero such that 
t, XC” + . . * + tmx(@ = t-J, 
and they are otherwise called linearly independent. Further x is said to be 
linearly dependent on x(I),..., xc”‘) if elements sr,..., s, of F exist such that 
x = SIX(l) + *a’ + S,X(m). 
If no such s , ,..., s, exist, then x is called linearly independent of x”‘,..., xcm’. 
If the m points x(i),..., xtm) are linearly independent, and if the further 
point x is linearly independent of x(l),..., xc”“, then the m + 1 points x, 
x(l) )...) x cm) are linearly independent. 
A set of exactly n points 
xW - 
- cx k’ ,**-, Xkn) (k = 1, 2,..., n) 
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in F” is linearly independent if and only if the determinant 
x,, ... Xln 
D(x(‘),..., x(“)) = I i 
1 x,1 ‘.* x,, 
is distinct from zero. 
Any n + 1 points in F” are linearly dependent. 
4 
Let S be an arbitrary point set in F”. If t is any element of F, then tS 
denotes the set of all points 
& where x E S. 
The largest number of linearly independent points of S is called the 
dimension of S and denoted by 6(S). We put 6(S) = 0 if S is empty or 
consists of the single point 0. In all other cases 6(S) is positive and satisfies 
It is obvious that 
6(S) = d(tS) if t # 0 lies in F. 
Of particular importance are two kinds of point sets, the linear manifolds 
M and the lattices /1. 
A linear manifold M is a nonempty point set in F” with the following two 
properties: 
(a) If x E M and y E M, then also x + y E A4 and x - y E M. 
(b) If x E M and t E F, then also tx E M. 
The second property implies that all linear manifolds contain the origin 0. If 
A4 contains other points x(l),..., xCm), then also all points 
t 1 x(l) + *** + tmx(rn’, where t, ,..., t, E F, 
belong to M, and it is clear that 6(M) > 1. There exist now 6(M) = 6 linearly 
independent points x(i),..., x(” in M such that M consists exactly of the 
points 
t, XC” + ... + t,x’y where t, ,..., t, E F. 
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It follows that 
tIkf=A4 for every t # 0 in F. 
5 
A lattice /i in F” is a point set with the following four properties: 
(A) If xE/i and yell, then also x+yE/1 and x-YEA. 
(B) If x E/i and u Ef[z], then also ux Cll. 
(C) /1 contains n linear independent points; thus 6(/i) = n. 
(D) There exists a positive number c such that 
IXl>C for every point x # 0 of/i. 
It follows from (B) that the origin 0 belongs to every lattice. 
A set of n linearly independent points x(l),..., xcn) of/i is called a basis of 
/i if every point x of/i can be written in the form 
x = ulx(l) + ... + 24,x(“), where u , Y..., u, E f[z]. 
LEMMA 1. Every lattice has a basis. 
Proof: Choose for x(‘) a point of ,4 distinct from 0 such that (x(l)] is as 
small as possible. Next, if 2 < k < n and if the points x(i),..., x”-‘) of /1 have 
already been selected, choose for x(@ a point of n which is linearly 
independent of x(l),..., xck-‘) and has the property that ]xtk)] is a minimum. 
The n lattice points x(l),..., x(“) so defined evidently satisfy 
c< lx(l)\ < (xC2)1 < .** < Ix(“)I. 
We assert that they form a basis of/i. 
For consider an arbitrary point x of/i. This point can certainly be written 
in the form 
Put 
x = t,x”’ + *** + t,xy where t , ,..., t, E F. 
x* = [t,]x”’ + **- + [t”]X(“) 
Then 
and x** = (t,)x”’ + f * * + (tn)x(“). 
x=x*+x** 
641/17/3-9 
408 KURT MAHLER 
and 
ifkl ~“flzL I(t i (k= 1, 2 )..., n). 
Therefore, by properties (A) and (B), x * and hence also x* * belong to LI. 
The assertion will be proved if we can show that x * * = 0, or equivalently, 
(tJ = **a = (t,) = 0. 
If this were false. there would exist a suffix k such that 
Ok) # 09 (tk+J = ... = (tJ = 0, 
so that x** would be distinct from 0 for k = 1, but would be linearly 
independent of x(I),..., xck-‘) if k > 2. However, 
Ix**1 = I(t,)x”’ + ... + (t,)x’k’l < 2-l max(lx”‘/,..., Ix’~‘~) < lxCk)l, 
contrary to the definition of xCk). 
6 
With every basis x(‘),...,x’~) of /i we can associate the determinant 
Lqxy..., x(n)); we know that it does not vanish. 
LEMMA 2. Zf xc” ,..., xc”’ and y”‘,..., y(“’ are two bases of A, then 
Jzqx”‘,..., X(n))1 = JD(y”‘)..., yq. 
ProoJ: There exist two nxn matrices hkhk=1.2 .t... n and 
fUhkh,k=1.2 ,.... n with elements u,,~, vhk in fir] such that 
Y (h) = Uh,X’I) + . . . + UbnX’H’ and x(h) E Vbl y”’ + . . . + vbny’R’ 
(h, k = 1, 2 ,..., n). 
Denote their determinants by U and V, respectively. Then 
D(y’” )...) y(“’ = u * D(x”‘,.... Xcn’), 
D(x(l),..., X(n)) = v . II(y”), y’n’), 
from which it follows that 
uv= 1. 
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Since U and V are polynomials in f[z], U and V necessarily lie in f and are 
not equal to zero, hence satisfy 
1 U( = 1 VI = 1. 
From this the assertion follows immediately. 
The lemma implies that if we put 
d(A) = ID(x(l),..., xy, 
then d(A) does not depend on the special basis x(l),..., xc”’ of /i. We call 
d(A) the determinant ofA. This determinant is always positive and equal to 
an integral power of 2. 
7 
From now on pairs (S, A) of a point set S and a lattice A in F” will be 
considered. The lattice is said to be S-admissible if none of its points distinct 
from 0 belongs to S. If there are no S-admissible lattices, write 
d(S) = 00. 
Otherwise define d(S) as the lower bound 
d(S) = inf d(A ) 
extended over all S-admissible lattices A. 
Possibly d(S) is equal to 0; this happens when there are S-admissible 
lattices A with arbitrarily small determinant d(/l). 
There remains the case when 
0 <d(S) < co. 
Now the lower bound d(S) is attained, and there is at least one S-admissible 
lattice A satisfying 
d(A) = d(S). 
Such a lattice is called a critical lattice of S. 
8 
We continue to consider the pair (S, A) of a point set S and a lattice A in 
F”. Let k run over the integers from 1 to n. Denote by C, the set of all 
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integers N for which the set z”S contains k linearly independent points of A. 
It is obvious that 
c,13.?123 . . . x‘r,. (1) 
If Z, is empty, write 
N,=+co and m,(S,A)=2N~=+ca 
If Z, contains a sequence of integers tending to -co, write 
N,=-co and m,(S, A) = 2Nk = 0. 
If neither of these two cases holds, then Zk contains a smallest integer, Nk 
say. Now put 
m,(S, A) = 2Nk, 
so that 
0 < m,(S, A) < 03. 
In this third case the set ~~1.9, but not the set zNk-‘S, contains k linearly 
independent points of/i. 
It is clear from (1) that always 
and therefore 
O~m,(S,A),<m,(S,A),<...,<m,(S,A),<oo. 
The numbers m,(S, A) are called the successive minima of S in A. 
(3) 
9 
Assume now that all the integers Nk are finite, hence that 
-co <N,<N,<--.<N,,<+m, 
O<m,(S,A)(m,(S,A)<~~~,<m,(S,A)< 03. 
(4) 
For each k = 1,2,..., n form the point set 
I, = (p-1 SnA)U {O} 
which consists of the origin 0 and of all the points of zNk-‘S which lie in A. 
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As was mentioned, the set zNk- ’ S cannot contain more than k - 1 points of 
A which are linearly independent. 
Denote by M, the linear manifold in F” which is spanned by the points of 
I,. Its dimension 6(M,J = 6, satisfies the inequality 
Choose an arbitrary x # 0 of I, if such a point exists; this point lies of 
course also in M,. Since Nk+ i > N, and since therefore zNk+l-“‘k E f[z], 
ZN~t~-NkX ~/i. 
Further x E zNk- ‘S and therefore 
ZNktl-NkX E zNkt,-Nh . zNk-‘S = ZNkt~-‘,ye 
It follows that 
ZNk+l-NkX E I,, 1% 
This relation implies that 
zN--Nkhfk c Mk+, . 
On the other hand M, is a linear manifold and therefore 
zNk+l-NkMk = M,. 
Therefore M, c Mk+ i and hence 
M,cM,c.a. CM,. 
From this set of relations we can deduce that n has a basis x(l),..., xc”) 
such that the manifolds M, is for every k spanned by the points 
0, x(l) )...) xCS,). 
10 
From this basis x(l),..., x W) of/i we derive now a new lattice A * with the 
basis 
x”’ = Z-N,+ 1 x(l) 
7 
~‘2’ = z -Nz+ 1 x(2),,sa, x(n) = Z-N,+ lx(n) 
and therefore with the determinant 
d(A*) = 2- N,-N,-. . . -N,+n d(~), (5) 
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LEMMA 3. The lattice A * is S-admissible. 
Proof: Let the assertion be false, i.e., let there exist a point X # 0 which 
belongs to both S and /i *. In terms of the basis of /1*, 
x=u,x”‘+ **. +u,X(n), 
where U, ,..., U, are polynomials not all zero inf[z]. Assume, say, that 
u,z 0, Uk+,=Uk+Z=~~*=U,=O. 
The new point 
belongs to the original lattice II because the coefficients 
lie by N, < N, < . . . <N, in the ring f[z]. It is further obvious that Y 
belongs to the set zNk-’ S. Hence Y is a point of I, and so also a point of 
Mk. However, by uk # 0, the point Y is linearly independent of the k - 1 
basis points x(l),..., xCk-‘) from which by 6, < k - 1 it follows that Y is also 
linearly independent of ‘the points 0, x(l),..., x(&k’ which span the linear 
manifold Mk. Hence a contradiction arises, proving the assertion. 
The main result of this paper follows now at once. 
THEOREM 1. If the set S and the lattice A satisfy condition (4), then the 
following inequality holds: 
d(S) fi m,(S, A) < 2” d(A). 
k=l 
ProoJ Lemma 3 implies that 
d(A *) > d(S). 
On substituting here for d(A *) its value (5) and noting that 2Nk = m,(S, A) 
for all k, the assertion is obtained immediately. 
Theorem 1 shows in particular that if (4) holds, then d(S) < co. In fact, it 
suffices to assume that N, and therefore also ml(S, /i) are finite. For then no 
point of /i distinct from 0 lies in zN1-’ S so that A is zNl-’ S-admissible. 
Hence the lattice zPN1+ ’ /i is S-admissible and therefore d(S) < 03. 
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11 
It is obvious that every bounded set S has admissible lattices and hence 
satisfies d(S) ( co. There is also no difficulty in constructing unbounded sets 
with the same property. 
The successive minima m,(S,A) depend on both the set S and the lattice 
A and they may well be equal to co. Thus, when S lies in a linear manifold 
A4 of dimension 6 < n - 1, then clearly for every lattice A, 
m,+,(S,A)=m,+,(S,A)= ... =m,(S,A)= co. 
However, the following simple result holds. 
THEOREM 2. If S has at least one interior point, then 
m,(S,A) < CQ (k = 1, 2,..., n) 
for all lattices A. 
Proof: To the interior point of S, X say, there exists a positive number C 
such that all point x in F” satisfying 
Ix-x/<c 
belong to S. Hence, for every integer N, all points x in F” satisfying 
lx-zNX1<2V 
lie in the set zNS. 
Denote now by x(l),..., xc”’ a basis of A and put 
c = max(l x(l)l,..., / ~(‘~1); 
further choose N so large that 
2NC > c. 
We assert then that the set zNS contains n linearly independent points of A, 
so that the assertion holds. For just as in the proof of Lemma 1 we can find 
first a point x(0) of A satisfying 
/x(O) - 2NX / < c/2, 
and then the n further points x(k) of A defined by 
x(k) = x(0) + XCk) (k = 1, 2,..., n) 
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have the property 
/x(k) - z”x / < c (k = 1, 2 ,..., n). 
All n + 1 lattice points x(O), x(l),..., x(n) lie therefore in z~vS. But since 
xck) = x(k) -x(O) (k = 1, 2 ,..., n), 
certain n of these lattice points are linearly independent. 
I know of no similar simple condition under which one or more of the 
successive minima m,(S, /i) are distinct from zero. This problem is for 
unbounded sets S connected to quite difficult questions in Diophantine 
approximations. 
12 
Let us tinally prove that the factor 2” in inequality (I) is best possible. The 
proof is an immediate consequence of 
THEOREM 3. The set S of all points x = (x, ,..., x,) satisfying 
Ix1 = max(lx,I,..., Ixnl) < 1 
has the property that 
d(S) = 2”. (6) 
Let us for the moment assume that this theorem is true, and choose for n 
the lattice with the basis 
e”’ = (1, 0 ,..., 0), e”’ = (0, l,..., 0) ,..., e’“’ = (0, 0 ,..., 1) 
and hence with the determinant d(/i) = 1. These n basis points belong to S, 
but not to z - ‘S; therefore 
&($A) = 1 (k = 1, 2 ,..., n), 
which shows that (I) holds with equality. 
Proof of Eq. (6). We apply results from Mahler [3]. In the notation of 
this paper, S is a convex body of volume V = 1. 
Let II be an arbitrary lattice of basis x(i),..., xc”‘, where 
XW) = 
cxkl ‘-‘*Y Xkn) (k = 1, 2,..., n) 
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and determinant 
d(A) = (D(x”‘,..., x’“‘)I. 
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(7) 
The general point x of A has the form 
x = UIX’l’ + *-- + U,X(“), where u1 ,..., U, E f[z]. 
We put 
ll = (24, ,...) u,) 
and consider the linear mapping in F” from u to x. In the coordinates of u 
the lattice A is transformed into the lattice A* of basis e”‘,..., e’“‘. The 
mapping from A to A * has the determinant II(x”), x’~‘) which occurs in 
(7). The function (x( takes in the new variables U, ,..., U, the form 
(xl = max ]u,x,~ + .** + U,xJ, = Y(u) say. 
k=1,2,...,n 
Here Y(u) is a convex distance function in the terminology of Mahler [3], 
and the corresponding convex body K of all points u satisfying 
has by my paper the volume 
V = (II(x”), x’“))( - ’ = d(A)- ‘. 
Now, by Section 9 of [3], there exist II points u(l),..., II’“’ of determinant 1 
with coordinates in f [z] ( i.e., these points form a basis of A *) such that 
kfil !P(u’~‘) = V-’ = d(A). (8) 
The coordinates of these points are, say, 
u’k’ = (U kl ?*..1 Ukn) (k = 1, 2 )...) n). 
We derive from them the points 
X(k) = ukl x(l) + . . . + iknx’“’ (k = 1, 2,..., n) 
which form a basis of the original lattice A. 
By (8), this basis now satisfies the equation 
IX”‘\ IX’2’I . . . (X’n’l =d(A). 
Here each of the factors IX”)\, (X”)],..., /X’“)/ is an integral power of 2. If 
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now d(A) < 2”- ‘, then at least one factor lX’k’l does not exceed 1 and hence 
XCk’ lies in S. But XCk’ is certainly distinct from 0; therefore A is not S 
admissible. 
It follows that A only then can be S-admissible if d(/i) > 2”. giving the 
assertion because the lattice of basis ze’“,..., ze’“’ and determinant 2” is S- 
admissible. This proves the assertion. 
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